A nonlinear oscillator is studied that enjoys periodic motion with constant amplitude and energy dependent frequency. Relativistic Nambu-Goto type of Lagrangian model with above properties has been proposed. Direct connection to various forms of Noncommutative spacetime has been demonstrated. An underlying non-linear σ-model is discussed in detail. The current algebra has an interesting non-abelian form, with field dependent structure functions.
Introduction:
In the present paper we will study an unusual form of non-linear "harmonic" oscillator (in a non-relativistic framework), termed as "Exotic Oscillator" in our previous works [1, 2] , and its associated relativistic field theory, which happens to be a non-linear σ-model. More generalized form of oscillator model of a similar kind has been studied before [3] but we will focus on some particular aspects of the oscillator which was not discussed. Besides the energy and angular momentum, the model has a set of conserved quantities. These are shown to yield a operatorial form of non-commutaive spacetime, which has appeared elsewhere in our work [4, 5] .
The field theoretic extension is new. Its structure is that of a general form of non-linear σ-model, constructed from the multiplet of real scalar fields φ a (x) in arbitrary dimensions but (at least in the present work) no specific transformation property of the multiplet is imposed. It is interesting to note that there is a complete correspondence between the behavior of the Exotic oscillator and the non-linear σ-model at the level of equations of motion and conserved quantities. Indeed, this is not unexpected but from a practical point of view, the latter mapping has helped us to reveal a global "gauge" invariance of the σ-model and its associated conserved Noether current. we have used the term "global" to stress that there is an uncanny similarity between this invariance and a global non-abelian gauge invariance. However, elevating this global "gauge" invariance to a local one poses problem as we explicitly show.
We will compare our results regarding local current algebra structures of the model with existing works that discuss current algebra in a generic σ-model setting [6] . We find a very nice mapping between our results and [6] once field dependent structure functions are introduced in our results. Note that [6] uses a conventional form of non-abelian gauge structure with constant structure functions.
The field theory studied here is worthwhile for the following reason. In [3] it was pointed out that the Exotic oscillator model is integrable [7] , in the sense that it contains conserved quantities in involution, that are same in number as the number of degrees of freedom. It will be interesting to see whether similar conclusions can be drawn for the field theory studied here. From the analysis done so far in this paper, it is not clear whether this analogy can be extended to the level of integrability for the field theory.
Exotic oscillator:
With this brief introduction, we now posit the Lagrangian for the Exotic Oscillator,
where X i are spatial coordinates, X 2 = X i X i , X.Ẋ = X iẊi and the model is in arbitrary space dimension. For convenience, we have taken the mass to be unity and c is a parameter. An equivalent form of (1) is
and this form with a harmonic oscillator potential is studied in [3] . In fact this model can be studied as a variable mass problem [8] as well with interpreting the total lagrangian (1) as the kinetic term. This is further corroborated later when we find that the Hamiltonian of the problem is same as the Lagrangian (1) . However, the model, by no means, describes a free particle. This is clear from the following equation of motion:
The interesting point is that the Lagrangian function itself appears explicitly in place of the oscillator frequency. To proceed further we construct the Hamiltonian:
Using the definitionȦ = {A, H} for any generic dynamical variable A, we obtaiṅ
and a further iteration yields,
We notice that we have recovered the Exotic oscillator dynamics (2) since L = H in the present case. We have assumed the canonical Poisson Brackets:
Let us consider a bounded, periodic form of solution,
Notice that this is not the most general solution. The phase ψ = 0 for the boundary condition X i (t = 0) = 0. Putting this solution back in H in (4) gives,
The energy E will be time independent for cA 2 = cA i A i = 1 and we find
On the other hand, a possible unbounded motion is,
where similar considerations as above yield,
withc being positive and
To focus on the striking feature of the Exotic oscillator, we restrict to one dimensional motion and compare its dynamics with a normal harmonic oscillator,
that has solution,
On the other hand, the Exotic oscillator dynamics is governed by
where the subscript X e is put in to remind us of its exotic nature. Notice that for X e the amplitude is fixed, depending upon c whereas the frequency is energy dependent, oscillations becoming more rapid with larger energy. This is qualitatively different from the behavior of a normal oscillator and does not reduce to it in any limit. The Exotic oscillator model might be particularly interesting from the following point of view. In the normal oscillator (15), as we all know, the energy dictates the amplitude of motion and the frequency is determined by the oscillator (spring constant) parameter c. However, remember that in the quantized harmonic oscillator, its energy and frequency become proportional. It is remarkable that in the Exotic oscillator dynamics, the frequency does get related to the energy but obviously the relation is not of the linear form, pertaining to a quantum particle. We might speculate that tinkering the model studied here in some way can lead to a quantum dispersion law, so that the present models are a precursor to quantization.
A straightforward generalization is to consider the Hamiltonian as,
with n being arbitrary. Unfortunately this form still reproduces a similar dynamical law,
and n does not affect the linear nature of H in frequency. To match the quantum dispersion law, we are looking for an H 2 -dependence in the frequency term in (18). We again return to the original model with n = 1 and discuss the conserved quantities. Obviously angular momentum L ij is conserved:
But there are other conserved quantities p i as well:
Now we can forge a connection with a particular form of noncommutative spacetime. Notice that p i are noncommuting,
and together with the identification,
it is easy to derive,
Thus, (21) and (23) generate a particular form of non-commutative spacetime in (x i , p j ) that is quite well known in High Energy Physics [4, 5] . This is actually a complimentary form of the Snyder algebra (see Ghosh in [4] ). For c = 0 we recover the normal free particle. The Hamiltonian (4) in (x i , p j )-spacetime turns out to be,
with the subsequent equations of motion in Snyder spacetime,
This might be interpreted as a "free" particle in the Snyder space with an anomalous velocity term or equivalently with a variable mass.
Extension to relativistic mechanics -the AdS particle: An obvious generalization is to consider a relativistic point particle model, which in the nonrelativistic limit reduces to the model discussed above. This extension, by the name of AdS particle, has been discussed in detail in [2] and we briefly mention it for completeness. This section might be thought of as a bridge between the previous section and the following main section, that of relativistic field theory.
The following reparameterization invariant Nambu-Goto Lagrangian,
and (X.Ẋ) = X µẊ µ etc.., clearly has the built-in AdS metric since the action is
The conjugate momentum ,
leads to a modified mass-shell condition
which reduces to the conventional one for c = 0. The action has a τ -parameterization symmetry that generates a zero Hamiltonian:
Note that the mass shell constraint in (29) represents the First Class Constraint [9] , that induces τ -reparameterization invariance. We solve for P 0 from (29) and obtain,
We consider only O(c) effects in the non-relativistic limit (small three momentum P ) and obtain from (31),
We can recover the Exotic oscillator Hamiltonian (4), (modulo the trivial rest energy contribution), by fixing the gauge,
In the Hamiltonian (Dirac) formulation of constraint systems [9] , we therefore have a system of two non-commutating Second Class constraints (ϕ 1 , ϕ 2 ),
This requires that the canonical Poisson brackets are to be replaced by the Dirac brackets 1 ,
For convenience, we have not used the notation {, } DB for the Dirac brackets. The above Dirac brackets are used to compute time evolution through the Heisenberg equations of motion, as before,
A further iteration reveals the Exotic oscillator dynamics,
It should be remembered that all the results are valid subject to non-relativistic and O(c) approximations. A couple of interesting points are to be noted: (I) The "time" coordinate X 0 behaves as a non-trivial dynamical variable with the algebra,
This is due to our gauge choice of ϕ 2 instead of the conventional form X 0 = τ . This is by no means imperative and we chose this gauge simply to map the relativistic model to the Exotic oscillator. However, this time-coordinate algebra is directly connected to another popular form of noncommutative spacetime, known as the κ-Minkowski spacetime, (for works in this context see [1, 2] and references cited therein).
(II) The structure (36) is the form of noncommutative spacetime, originally proposed by Snyder [5] , and is, in a sense, complimentary to the algebra constructed in (21,23). However, notice that, unlike (21,23), the non-canonical algebra (36) is independent of the parameter c and c appears only in the dynamics (37,38).
Field theory extension to σ-model: Let us now move towards our main concern: the (relativistic) field theoretic extension of the Exotic oscillator model. The continuum extension will be such that keeping only the time derivatives in the field theory Lagrangian, we will recover the oscillator model (1). This construction is unique if one demands Poincare invariance. Keeping this in mind, we consider the following model,
The X i variables in the Exotic oscillator model (1) have been formally replaces by the fields φ a (x). This is a particular form of σ-model, since
The variational equation of motion is
With the appearance of L in the interaction term, we see a reflection of the Exotic oscillator dynamics (6) 2 . For a single field, i.e. a = 1, exploiting a mode expansion for φ a (x) = φ a e ik.x in the equation of motion (42), we obtain
indicating that the "particles" are massless, k 2 = 0. Let us now discuss the symmetries of the model. Besides the obvious spacetime symmetries, the model enjoys a global gauge invariance, with the symmetry transformation,
with ǫ a being an infinitesimal rigid parameter. The corresponding conserved Noether current is given by,
This invariance was revealed while considering the continuum analogues of the conserved quantities p i in (20), in the Exotic oscillator context. However, generalizing this global gauge invariance to a local invariance is tricky. For a local gauge transformation (44), where ǫ a (x) is not constant, the Lagrangian transforms nicely,
However, the current transforms in a covariant way,
We have identified the structure function to be,
with F abc = −F bac . Hence we can consider an interacting Lagrangian L I of the form,
In order to achieve local "gauge" symmetry, A a µ will have to transform as,
However, constructing a locally gauge invariant kinetic term for A a µ proves to be problematic because φ a are real. If one further generalizes to complex fields, the exotic nature of the equation of motion gets lost.
Current algebra for the σ-model:
The canonical definition for the Energy-Momentum tensor is,
In the present case, this leads to
which is conserved, symmetric and traceless for 1 + 1-dimensions.
We now revert to a Hamiltonian framework, which is suitable for studying the current algebra. The conjugate momentum,
yields the Hamiltonian and total momentum densities,
which are the generators of time and spatial translations, respectively. The gauge current is also expressed in terms of phase space variables,
We exploit the equal-time canonical Poisson brackets:
The internal current algebra is "non-abelian" in nature:
The current algebra closes by considering J ab as a composite operator [6] ,
with the algebra,
Rest of the commutators are trivial since they do not involve the momenta,
Next we come to the diffeomorphism algebra,
Finally we consider the mixed commutators: 
In (64) we have used the relation, φ a ≡ {φ a (x), H} = π a − c(φ.π)φ a .
All the brackets with P i are conventional in nature since P i has a canonical structure and so they are not shown explicitly. Hence the general current algebra structures discussed in [6] are exactly reproduced in our model with a field dependent non-abelian structure function.
Conclusion:
We have studied the dynamics of a non-linear oscillator -the Exotic oscillator -that has a novel dynamics. The periodic oscillations are "harmonic" in a unique way. The frequency of oscillation is governed by the energy whereas the amplitude of oscillation is constant, specific to the coupling parameter in the model. Relativistic generalization of the model is also provided. Connections with different forms of noncommutative spacetimes have been revealed.
The major emphasis is on the analysis of a relativistic field theory, a particular form of non-linear σ-model, that reduces to the Exotic oscillator in the point particle reduction. The detailed study of current algebra shows an interesting form of non-abelian gauge symmetry where the structure function involves the field variable.
It has been pointed out in previous works [3] that the point particle model is integrable. Indeed, it would be worthwhile to see if this is reflected in some way in the σ-model studied in the present work.
